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Theory of Orbital Ordering, Fluctuation and Resonant X-ray Scattering in Manganites
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A theory of resonant x-ray scattering in perovskite manganites is developed by applying the group
theory to the correlation functions of the pseudospin operators for the orbital degree of freedom.
It is shown that static and dynamical informations of the orbital state are directly obtained from
the elastic, diffuse and inelastic scatterings due to the tensor character of the scattering factor.
We propose that the interaction and its anisotropy between orbitals are directly identified by the
intensity contour of the diffuse scattering in the momentum space.
PACS numbers: 75.30.Vn, 71.10.-w, 78.70.Ck
Since the discovery of colossal magnetoresistance, stud-
ies of perovskite manganites have been revived. One of
the key factors to uncover the dramatic and fruitful phe-
nomena in manganites is the orbital degree of freedom
of manganese ions. The collective orbital ordered state
as well as its fluctuation and excitation are investigated
theoretically and experimentally. Recently, Murakami et
al. have directly observed the orbital ordering (OO) by
the resonant x-ray scattering (RXS) [1]. This technique
reveals several characteristics of the degree of freedom
through a variety of experiments, i.e. the polarization
and temperature dependences of the scattering intensity
and the diffuse scattering [2–6].
As compared with other scattering experiments, RXS
is appropriate for observation of the orbital orderings and
fluctuations. This is owing to the unique characters that
(1) an anisotropy of the local electronic structure is de-
tectable due to the tensor character of the scattering fac-
tor together with a short wave length of x-ray [7–9], and
(2) this is a site selective technique by tuning an energy
of the incident x-ray at the MnK-edge. However, in spite
of recent several theoretical approaches [9–12], a general
theory of RXS by the orbital degree of freedom has not
been presented.
In this letter, we develop a theory of RXS in mangan-
ites, for the first time, by applying the group theory to
the correlation function of the pseudospin (PS) operators
for the orbital degree of freedom. The obtained form of
the cross section corresponds to those in the neutron scat-
tering and in the conventional x-ray/electron scatterings
as probes to detect spin and charge degrees of freedom,
respectively. We show that static and dynamical infor-
mations of the orbital state are directly obtained by the
elastic, diffuse and inelastic scatterings.
Let us formulate the scattering cross section in RXS.
We consider the scattering of x-ray with momentum ~ki,
energy ωi and polarization λi to ~kf , ωf and λf . The
electronic state at the initial (final, intermediate) state in
the scattering is described by |i〉 (|f〉, |m〉) with energy εi
(εf , εm). The scattering cross section is given by [13,14]
d2σ
dΩdωf
= A
ωf
ωi
∑
|f〉
|S|2δ(εf + ωf − εi − ωi), (1)
where
S =
∑
m
{
〈f |~j−ki · ~ekiλi |m〉〈m|~jkf · ~ekfλf |i〉
εi − εm − ωf
+
〈f |~jkf · ~ekfλf |m〉〈m|~j−ki · ~ekiλi |i〉
εi − εm + ωi + iΓ
}
, (2)
and A = (e2/mc2)2. Γ indicates the damping of a core
hole, ~ekλ is the polarization vector of x-ray and ~jk is
the current operator divided by a factor e/
√
m. Eq. (1)
together with Eq. (2) is rewritten by the correlation func-
tion of the electronic polarizability [14,15,8] as
d2σ
dΩdωf
= A
ωf
ωi
∑
αβα′β′
Pβ′α′PβαΠβ′α′βα(ω, ~K), (3)
where
Πβ′α′βα(ω, ~K) =
1
2π
∫
dteiωt
∑
ll′
e−i ~K·(~rl′−~rl)
× 〈i|αl′β′α′(t)†αlβα(0)|i〉, (4)
~K = ~ki − ~kf , ω = ωi − ωf and Pβα = (~ekfλf )β(~ekiλi)α.
The polarizability operator at site l is defined by
αlβα(t) = e
iHetα
(ωi)
lβα e
−iHet where He is the electronic
part of the Hamiltonian and
α
(ωi)
lβα = i
∫ 0
−∞
dte−iωit[jlβ(0), jlα(t)], (5)
with [· · ·] being a commutator. Since RXS at the Mn K-
edge is dominated by the electric dipole transition, ~jk is
given by the local current operator which is independent
of ~k as ~jk =
∑
l e
−i~k·~rl~jl.
The polarizability is expanded in terms of the PS op-
erators for the orbital degree of freedom by utilizing the
group theoretical analyses [16]. We consider the system
where the point symmetry around a Mn ion is Oh and
the doubly degenerate orbitals with the Eg symmetry
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exist in each Mn3+ ion. The two bases in the Eg sym-
metry are denoted by egu and egv corresponding to the
3d3z2−r2 and 3dx2−y2 orbitals, respectively. The PS op-
erators are defined as Tlµ =
1
2
∑
γγ′σ d
†
lγσ(σµ)γγ′dlγ′σ for
µ = (0, x, y, z) where σ0 is a unit matrix, σν (ν = x, y, z)
are the Pauli matrix and dlγσ is the annihilation opera-
tor of the eg electron at site l with orbital γ and spin σ.
These operators have the A1g, Egv, A2g, and Egu symme-
tries for µ =0, x, y and z, respectively. The tensor part
with respect to the polarization of x-ray has the T1u×T1u
symmetry which is reduced to A1g+Eg+T1g+T2g. Since
the polarizability should have the A1g symmetry, αlβα
associated with a PS operator is represented as
αlβα = δαβIA1gTl0
+ δαβIEg
(
cos
2πnα
3
Tlz − sin 2πnα
3
Tlx
)
, (6)
where (nx, ny, nz) = (1, 2, 3) and IA1g(Eg) is a coupling
constant. We note the following characteristics in Eq. (6):
(1) higher order terms with respect to Tlµ at the same
site are reduced to this form by using the operator alge-
bra, (2) Tly does not appear, because the tensor part of
αlβα does not include the A2g symmetry, and (3) spin op-
erators at a site are not included, because the spin-orbit
coupling is quenched in a Mn ion. We neglect terms in-
cluding Tm 6=lµ caused by the higher order processes of
the electron hopping and the Coulomb interactions. By
using Eq. (6), the cross section in Eq. (3) is expressed by
the correlation function of the PS operators as
Πβ′α′βα(ω, ~K) = δβ′α′δβα
1
2π
∫
dteiωt
∑
ll′
e−i
~K·(~rl′−~rl)
×
∑
γ,γ′=0,x,z
Iγ′α′Iγα〈Tl′γ′(t)Tlγ(0)〉, (7)
with I0α = IA1g and Ix(z)α = IEg cos(− sin)2πnα3 .
〈i| · · · |i〉 is replaced by the thermal average 〈· · ·〉. When
the energy of the scattered x-ray is integrated out, the
cross section is given by
dσ
dΩ
= A
∑
αα′
Pα′α′Pαα
∑
γ,γ′=0,x,z
Iγ′α′IγαSγ′γ( ~K), (8)
with Sγ′γ( ~K) =
∑
ll′ e
−i ~K·(~rl′−~rl)〈Tl′γ′Tlγ〉. The present
results suggest that RXS directly observes the dynamical
correlation function of the PS operators as a function
of ~K and ω. This is highly in contrast to the Raman
scattering which is limited to ~K = 0.
The convincing candidate for the microscopic origin of
the Tlµ dependent polarizability is the Coulomb interac-
tion between Mn 4p and Mn 3d electrons 〈γ2α2|V |γ1α1〉
[9,10,17] where γ1(2) (α1(2)) indicates the orbital states
of the Mn 3d (4p) electron, and V is the Coulomb inter-
action. The diagonal and off-diagonal components of the
interaction are expressed by the Slater integral F0(2) be-
tween the electrons as 〈γα|V |γα〉 = F0 + 435F2 cos(θγ −
2πmα
3 ) and 〈γ¯α|V |γα〉 = 435F2 sin(θγ − 2πmα3 ), respec-
tively, where (mx,my,mz) = (1, 2, 3), θγ is an an-
gle describing the occupied orbital states as |3dγ〉 =
cos( θ2 )|d3z2−r2〉 − sin( θ2 )|dx2−y2〉, and γ (γ¯) indicates the
occupied (unoccupied) orbital. The first and second
terms of 〈γα|V |γα〉 and 〈γ¯α|V |γα〉 give rise to the Tl0,
Tlz and Tlx dependences of αlβα, respectively.
We first apply the scattering cross section to the elas-
tic scattering below the OO temperature TOO. Let us
consider the charge and orbital ordered states where
both the reciprocal lattice vectors in the superlattices
~Gc and ~Go are assumed to be parallel to the ~a + ~b axis
in the cubic coordinate. The orbital ordered state with
two kinds of sublattices are denoted as (θA/θB), and
〈T˜z〉 = 12
∑
l=A,B(cos θl〈Tlz〉 − sin θl〈Tlx〉) is adopted as
an order parameter. In the conventional experimental ar-
rangement in RXS, the azimuthal angle φ is the rotating
one of the sample with respect to the scattering vector,
and the incident x-ray has a σ polarization [1,9]. From
Eq. (8), the cross section is obtained as
dσ
dΩ
∣∣∣
σ→λf
= AN2
∣∣∣Icλf ( ~K) + Ioλf ( ~K)∣∣∣2. (9)
The charge components of the scattering amplitude are
Icσ(
~Go) = 2IA1g 〈T0〉 and Icπ(~Go) = Icσ,π(~Gc) = 0, and the
orbital ones are Ioλf (
~K) = IEg 〈T˜z〉{(cos θA±cos θB)P cλf +
(sin θA ± sin θB)P sλf }. Here, N indicates a number of
Mn ions in the A sublattice, 〈T0〉 is the order param-
eter for charge, +(−) is for ~K = ~Gc(o) and P c(s)λf is a
function of the azimuthal and scattering angles [18]. In
the following, we consider the cases of ~K = ~Go and ~Gc,
respectively. (1) ~K = ~Go: Through the polarization mea-
surements, we can judge whether the (θA/− θA)-type of
the orbital ordered state, such as the (d3x2−r2/d3y2−r2)-
and (dx2−z2/dy2−z2)-types, is realized or not. By in-
serting the relation θB = −θA into Eq. (9), we derive
dσ/dΩ|σ→σ = 0 and
dσ
dΩ
∣∣∣
σ→π
= AN23I2Eg 〈T˜z〉2 sin2 θA sin2 φ cos2 θs, (10)
which shows a two-fold symmetry for φ. These are clearly
distinct from the results with the relation θB 6= −θA;
dσ/dΩ|σ→σ is finite and dσ/dΩ|σ→π has a component
of a four-fold symmetry for φ. It is experimentally ob-
served that dσ/dΩ|σ→σ = 0 and dσ/dΩ|σ→π ∝ sin2 φ
[1–6]. Thus, we judge that the (θA/ − θA)-type of the
orbital ordered state is realized in these compounds, al-
though the value of θA is not determined by measure-
ments at this reflection. (2) ~K = ~Gc: The (θA/ − θA)-
type of the ordered state is assumed. At λf = σ, where
the RXS experiments for the charge ordering are car-
ried out [1,4–6], both Icσ and I
o
σ are finite. The latter
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depends on φ and changes its sign with changing θA as
Ioσ = IEg 〈T˜z〉12 cos θA(1+3 cos2φ). Thus, the interference
term of Ioσ and I
c
σ is available to determine θA through
measurements of the φ dependence of the cross section.
On the other hand, at λf = π, the charge component is
zero and the cross section is given by
dσ
dΩ
∣∣∣
σ→π
= AN23I2Eg 〈T˜z〉2 cos2 θA sin2 2φ sin2 θs, (11)
showing a four-fold symmetry for φ. By combining the
measurements of dσ/dΩ|σ→π at ~K = ~Go (Eq. (10)) and
at ~K = ~Gc (Eq. (11)), a value of | tan θA| can be obtained.
As shown in Eq. (10), dσ/dΩ|σ→π at ~K =
~Go is proportional to the factor sin
2 θA as well
as 〈T˜z〉2. It becomes maximum in the state of
{ 1√
2
(d3z2−r2−dx2−y2)/ 1√2 (d3z2−r2+dx2−y2)}-type (θA =
π/2) rather than the (dx2−z2/dy2−z2)- (θA = π/3) or
(d3x2−r2/d3y2−r2)-types (θA = 2π/3). It is experimen-
tally reported that the cross section largely changes
far below TOO where 〈T˜z〉 is expected to be saturated
[1–3,5,6]. A dramatic increase in the cross section was
observed especially in LaMnO3 at low temperatures [2].
We propose that a possible mechanism of the anoma-
lous temperature dependences is due to the change of
the value of θA. In particular, the coupling between spin
and orbital degrees of freedom can change θA near the
magnetic transition temperature. In LaMnO3, the in-
crease in the factor sin2 θA with decrease in θA from 2π/3
(the (d3x2−r2/d3y2−r2)-type) is supposed to be realized
near the Ne´el temperature of the A-type antiferromag-
netic state where the (dx2−z2/dy2−z2)-type (θA = π/3) is
stabilized [19,20].
We next apply the cross section in Eq. (8) to the
diffuse scattering. Being based on the general model
describing the interaction between PS operators H =
1
2
∑
l′l,γ′γ=x,z Tl′γ′Jγ′γ(~rl′ − ~rl)Tlγ together with the
random-phase approximation, the static correlation func-
tion Sγ′γ( ~K) is obtained as
Sγ′γ( ~K) = Nχ0T [1 + χ0J( ~K)]
−1
γ′γ , (12)
with χ0 = 1/(4T ). Sγ′γ( ~K) around ~K = ~Go near TOO
contributes to the diffuse scattering in RXS. It is worth
to note that, as shown in Eq. (8), an intensity contour of
the diffuse scattering directly reflects the momentum de-
pendence of Sγ′γ( ~K) and each element of Sγ′γ( ~K) with
respect to γ and γ′ is obtained by changing a polar-
ization of x-ray. This is owing to the tensor character
of the scattering factor and is highly in contrast to the
conventional x-ray and neutron scatterings [21]; Unlike
the present case, the intensity contour in those cases is
not directly determined by Sγ′γ( ~K) but the correlation
function of charge, which connects with Sγ′γ( ~K) through
the momentum-dependent coupling constant between PS
and lattice vibration, and the factor ~K ·~ejKs, where ~ejKs



w
w
w
w
¹wαÑ
¸wαÏ
pi0pi
pi0pi
pi00
pi00 000
000
00pi
00pi
pipi0
pipi0
pipipi
pipipi







ww
w
w






ww
w
w


 
ww
w
w
FIG. 1. The intensity contour of the diffuse scatter-
ing: Bαα( ~K) = (NTχ0I
2
Eg
)−1
∑
γ′γ
Iγ′αIγαSγ′γ( ~K) at
T = 1.05TOO. (a) α = x and (b) α = z cases.
is the displacement vector of the jth ion for a normal
coordinate with momentum ~K and mode s.
The above form of the diffuse scattering is applied to a
case of OO in perovskite manganites where the interac-
tion between orbitals is dominantly caused by the elec-
tronic process. The following Hamiltonian is adopted to
calculate the intensity contour microscopically [22,23,3];
H =
∑
〈ij〉
(3
2
J l1 −
1
2
J l2
)
τ li τ
l
j , (13)
where τ li = cos(2πnl/3)Tiz − sin(2πnl/3)Tix with
(nx, ny, nz) = (1, 2, 3), l indicates a direction of a
bond between site i and its nearest neighboring j, and
J l1 and J
l
2 are the superexchange-type interactions be-
tween PS’s. This model is derived by the perturba-
tional calculation of the electron hopping between Mn
ions under the strong Coulomb interactions [22]. In
Fig. 1, we present the calculated intensity contour of
Bαα( ~K) = (NTχ0I
2
Eg
)−1
∑
γ′γ Iγ′αIγαSγ′γ(
~K) at T =
1.05TOO by which the cross section is represented as
dσ/dΩ = A
∑
α′α Pα′α′PααNTχ0I
2
Eg
Bα′α( ~K). OO oc-
curs at ~Go = (πππ) below TOO. Strong intensity appears
along the (πππ)− (ππ0) direction and other two equiva-
lent ones. This feature is attributed to the unique char-
acter of the superexchange-type interaction between PS’s
that Jxx(~rl − ~rl′ = azˆ) = 0, that is, the hopping integral
between the dx2−y2 and dx2−y2(3z2−r2) orbitals is zero in
the z direction [24,25]. The diffuse scattering in RXS
has been experimentally observed in Pr1−xCaxMnO3 [5],
although the measurements were carried out along one
direction in the Brillouin zone. In this technique, the
3
critical orbital fluctuation is directly observed around
principal ~Go’s where the conventional x-ray scattering
is forbidden in perovskite crystals. It is proposed that
through observations of the characteristic features along
the (πππ) − (ππ0) and other equivalent directions with
changing a polarization of x-ray, we can identify the
superexchange-type interaction between orbitals.
The present form of the cross section is also appropri-
ate for the study of the inelastic RXS due to the collec-
tive excitation in the orbital ordered state termed orbital
wave (OW). The dispersion relations of OW have been
examined in the Hamiltonian Eq. (13) with spin degree of
freedom [17]. By applying the Holstein-Primakoff trans-
formation to the PS operator in Eq. (7), the scattering
cross section for OW is given by Eq. (3) with
Πα′α(ω, ~K) =
N
4
I2Eg
∑
~q ~G
∑
µµ′
e−i
~G·(~rµ′−~rµ)Sα′µ′Sαµ
×
∑
ν
{
Xµ′νX
∗
µν(n
ν
~q + 1)δ(ω − ων~q )δ ~K−~q+~G
+X∗µ′νXµνn
ν
~qδ(ω + ω
ν
~q )δ ~K+~q+~G)
}
, (14)
where µ (ν) indicates the orbital sublattice (the mode
of OW), ων~q (n
ν
~q ) is the energy (number) of OW and
Sαµ = sin(2πnα/3 − θµ). Xµν = Vµν + W ∗µν are the
coefficients in the Bogoliubov transformation defined as
aµ~q =
∑
ν(Vµνα
ν
~q + Wµνα
ν†
−~q) where a
µ
~q (α
ν
~q ) is the an-
nihilation operator of the Holstein-Primakoff boson (the
orbital wave). The above form of the cross section is
analogous to that in the one-magnon neutron scattering
unlike in the two-magnon Raman one, since one OW is
possible to be excited in RXS. However, there is a clear
distinction from the neutron scattering; the y component
of the operator Ty is not included. This characteristic
brings about the selection rule between ~K and the modes
of OW wave as follows. We consider the orbital ordered
state of the (θA/θA + π)-type with ~Go = (πππ) theoret-
ically predicted in the ferromagnetic insulating state. It
is shown from Eq. (14) that the acoustic (optical) mode
of OW is separately measured at h + k + l=odd (even).
This is because Tly does not appear in the cross section.
In summary, we develop a theory of RXS in perovskite
manganites, for the first time, by applying the group the-
ory to the correlation function of the PS operators. The
tensor character of the scattering factor is essential in
several kinds of scatterings due to the orbital degree of
freedom. The present theory is applied easily to RXS in
other compounds with the orbital degree of freedom.
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